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Ex 1.

Suppose that a and b are integers, a = 4 (mod 13), and
b = 9 (mod 13). Find the integer c with O < ¢ < 12 such

a) ¢ = 9a (mod 13).

b) ¢ = 11b (mod 13).

¢) ¢ = a+ b (mod 13).
d) ¢ = 2a + 3b (mod 13).
e) ¢ = a? + b? (mod 13).
f) ¢ = a> — b3 (mod 13).



Solution Exercise 1
DEFINITIONS

Division algorithm Let a be an integer and d a positive integer. Then
there are unique integers g and + with 0 < v << d such that a = dg + r
q 1s called the guotient and r is called the remainder

q=a div d

r=a mod o

Theorem 5 Let m be a positive integer. If @ = blmod m) and ¢ =
d{mod m}, then a +c = b+ dimod m) and ac = bd{mod m).

SOLUTION

a=4{mod 13)
b=19{mod 13)
0=<e=<12

{a) Use theorem 5:

¢ = Ya (mod 13)
=0-4{mod 13)
= 36 (mod 13)
= 10 (mod 13)

We then obtain ¢ = 10 with 0 < ¢ = 12,



(b} Use theorem 5:
c=11b{mod 13)

=119 (mod 13}
= 99 {mod 13)
= & (mod 13)
We then obtain e = 8 with 0 < ¢ < 12,

(¢} Use theorem 5:
c=a+b{mod 13)

=4+ 9 {mod 13)
= 13 (mod 13)
= 0 {mod 13)
We then obtain ¢ = 0 with O =< ¢ =< 12.



(d) Use theorem 5:
¢ =2a+ 3b{mod 13)

=2-4+3-9{mod 13)
=8+ 27 (mod 13)
= 35 (mod 13)
= 9 {mod 13)
We then obtain e =9 with 0 < ¢ << 12,

(e} Use theorem 5: (f) Use theorem 5:
¢=a’+b? (mod 13) c=a’— b’ (mod 13)
= 12+ 9? (mod 13) =47 — 9% (mod 13)
— 64— 720 (mod 13)
= 16+ 81 (mod 13)
— 665 (mod 13)
= 07 (mod 13} 9 (mod 13)
= 6 (mod 13} — 11 (mod 13)

We then obtain ¢ =6 with 0 < ¢ < 12. We then obtain ¢ = 11 with 0 < e < 12.



Ex 2.

Let m be a positive integer. Show that a = b (mod m) if
a mod m = b mod m.

EX 3.

Let m be a positive integer. Show that a mod m =
bmod m if a = b (mod m).

EX 4.

Show that if a = b (mod m) and ¢ = d (mod m), where
a, b, c, d, and m are integers with m > 2, thena — ¢ =
b —d (modm).



Solution Exercise 2

SOLUTION
Given: e is a positive integer and o mod e = 6 mod e

To proof: a = 6 (mod )

PROOF

a mod e = B mod e indicates that there exist an integer ¢ such that:
o muod e = gy + B

b mod e = a mod e indicates that there exist an integer g2 such that:
b mod e = rrgs +

Since a mod e = b mod e

gz + a = vy + 6

Subtract & from each side of the eqguation:

rreige + a — b= srg
Subtract mege from eadh side of the eqgquation:

a — b = g — g

Factorize the right side of the eguation:

a— b=m{qg1 — qgz2)

Since g1 and g2 are both integers, their difference g1 — g2 is also an integer.

Bv the definition of divides. we have then shown that s divides a0 — b, By
the definition of equivalent modulo s

a = b (mod )



Solution Exercise 3

Assume 1t s not the case a {mod m} = b (mod m). Then, a (mod m) # b
(mod m). This means that — and ; do not have the same remainders, and
they dont have the same qu-u::tlent&. Then, a = nmuyy + rq and b = mgs + ra,
where, g1 and g2 ¢, and, 0 =< ry << m and 0 < r2 < m.

a — b =gy + 11 — mga — o
= mi{g1 — qa) + 11 — 2

By definition, m { (a—b). Since m | (a — b) 1s equivalent to a = b {mod m),
azb (mod m).

It has been shown that fa (mod m) # 6 (mod m), then a Z2 6 {mod m).
Thus by contraposition, fa = b (mod m}), thena {(mod m) =0 (mod m).
. E.D



Solution Exercise 4

SOLITT IO
Fiven: . b, o, e are integers with e = 2

a = b {mod )

o o {1mod s

To proof: a — c =6 — o (mod 7))

PROOF

Using the definition of congruemt on a = 6 {mod mm) and ¢ = o (mod e ):
e divides a — b
e divides  — o

Byv the definition of 7 divides” | there then exist integers f and g such that:
a — b=
o — o = Ty
Let ns subtract the previous two eguations:
a— b — (e —d) = e f — g
Tase distributive property:

a — b — e+ d = — gl

Regromp the variables:
(a —c) — (b —d}) =m{f —g)
By the definition of divides, we then obtained that e divides (a—c)— (6 —d).

By the definition of congruent ., we have then shown that a—c = b—d{mod )
1



EXS.

Show that if n | m, where n and m are integers greater
than 1, andif a = b (mod m), where a and b are integers,
then a = b (mod n).

EX 6.

Show that if a, b, ¢, and m are integers such that m > 2,
c > 0,and a = b (mod m), then ac = bc (mod mc).



Solution Exercise 5




Solution Exercise 6




EX 7.

- Find the integer a such that

a) a = —15(mod27) and —26 < a < O.

b)) a =24 (mod31) and —15 < a < 15.

C) a =99 (mod41) and 100 < a < 140.
EX 8.

Convert the decimal expansion of each of these integers
to a binary expansion.

a) 231 b) 4532 c) 97644

EXO9.

Convert the binary expansion of each of these integers to
a decimal expansion.

a) (11111), b) (10 0000 0001 ),
¢) (10101 0101)> d) (110 1001 0001 0000)>



Solution Exercise 7




(c)
a =99 {mod 41}

We can find a such that 100 < a < 140 by consecutively adding 41 to 99
until we obtain a value between 100 and 140.
a =99 {mod 41}
= 99 + 41 (mod 41)
= 140 (mod 41)
Since 140 is between 100 and 140 (including):

a = 140

Solution Exercise 8






07644 = 2 - 48822+ 1)
48822 =2 24411+ 10

24411 =2
12205 =2
6102 =2.
3051 =2
1525 =2
Th2=12.
a8l=12.
190=2.
95=2.
17=12.
23=12.
11=2.
D=2
2=12.
1=2.

12205+ 1
6102+ 1
3051+ 0
1525+ 1
Th2+1
381+ 0
190+ 1
95+ 0
47+ 1
23+ 1
11+1
2+1
2+1
1+0
0+1

— (07644)19 = (10111110101101100)5






